Abstract. The main results of the paper are the following:
Introduction
This paper is devoted to the existence of universal separable spaces for integral cohomological dimension. The question of existence of such spaces was posed by L. Rubin [Ru] (see also [We] ). Rubin's question was generalized in [Dy,]: 1.1. Conjecture. If K is a countable CW complex, then there is a universal space in the class of separable metric spaces {X | K £ AE(X)}.
Recall that K g AE(X) means that any map g : C -* K, C closed in X, extends over X (see [Hu] ). Also, S" £ AE(X) is equivalent to dim A-< n, and K(Z, n) £ AE(X) is equivalent to dimzAr < n (see [Wa] ).
Let us recall work done up to now which relates to Conjecture 1.1.
First, A. Chigogidze [Ch] proved the following result:
1.2. Theorem (A. Chigogidze). Let n > 0 and G be an abelian group such that there exists a separable completely metrizable ANR-space homotopy equivalent to the Eilenberg-MacLane complex K(G, n). Then, there exists a separa-ble, completely metrizable space X(G, n) such that the following conditions are equivalent for each metrizable compactum K : (i) dimG K < n, (ii) K embeds into X(G, n). (c) There is a completely metrizable and separable space Z such that K¡ G AE(Z) for all i > 1 with the property that any completely metrizable and separable space Z' with K¡ £ AE(Z') for all i > 1 embeds in Z as a closed subset.
Our goal is to prove the existence of universal cell-like maps whose domain are «-dimensional. The positive answer to Rubin's question is obtained with the help of the following result:
1.4. Theorem (Rubin-Schapiro [R-S] ). If dimzA' < n and X is a separable metrizable space, then there is a cell-like map f : X' -> X such that dim X' < n and X' is a separable metrizable space.
Thus, the purpose of this paper is to verify Conjecture 1.1 for EilenbergMacLane spaces K(Z, n). Notice that our techniques can be used to show the existence of universal Z/p-acyclic maps whose domain is n-dimensional. Thus, in order to verify Conjecture 1.1 for K(Z/p, n), all that is needed is to prove the analog of the Rubin-Schapiro Theorem for Z/p-coefficients. Such a result in the compact case is due to A. Dranishnikov [Dr3] . Theorem 1.3 (and its proof) indicated that there ought to be a connection between existence of compactifications in the class {X \ X is separable and K £ AE(X)} and the existence of universal spaces for {X \ X is compact and K g AE(X)} . Such a connection exists: 1.5. Theorem. Suppose K is a CW complex such that any metrizable compactification c(X) of a separable space X with K £ AE(X) admits a metrizable compactification c'(X) > c(X) (i.e., there is a map h : c'(X) -> c(X), h\X = id) with K £ AE(c'(X)). Then, there is a map n : M -> Q of a compactum M to the Hubert cube Q such that K g AE(M) and for any map g : X -» Q, X separable metrizable, and K £ AE(X), there is an embedding i : X -► M with ni = g.
Thus, Theorem 1.3 is a consequence of Theorem 1.5 and a result of Shvedov (use K being the weak product limn"=i ^ of K¡, i > 1 ):
1.6. Theorem (I. A. Shvedov [Ku] ). Let X be a separable and metrizable space and suppose K¡ g AE(X) , i > 1, are CW complexes homotopy dominated by finite polyhedra. Then, for any metrizable compactification c(X) of X, there exists a metrizable compactification c'(X) > c(X) (i.e., there is a map h : c'(X) -» c(X) with h\X = id) of X such that K¡ £ AE(c'(X)) for all i > 1.
Remark. Strictly speaking, Shvedov proved Theorem 1.6 in the case of K¡ being finite. However, the proof in [Ku] easily modifies to yield the general case. This result generalized Shvedov's Theorem (dealing with existence of compactifications) and at the same time it produced universal maps which led to the existence of universal spaces. The purpose of this section is to separate the issue of universal maps from the issue of compactifications and to prove a result which, together with Shvedov's Theorem, implies Theorem 1.3.
3.2. Theorem. Suppose K is a countable CW complex. There is a map n : M -> Q ofia completely metrizable space M to the Hubert cube Q such that K £ AE(M) and for any map g : X -> Q, X compact metrizable, and K G AE(X), there is an embedding i : X -► M with ni = g. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof. Choose M as in Theorem 3.2, and let A' be a metrizable compactification of M such that K £ AE(X). D 3.4. Corollary. Suppose K is a countable CW complex such that any metrizable compactification c(X) of a separable space X with K £ AE(X) admits a metrizable compactification c'(X) > c(X) (i.e., there is a map h : c'(X) -* c(X), h\X = id) with K £ AE(c'(X)). Then, there is a map s : Z -► Q of a compactum Z to the Hubert cube Q such that K £ AE(Z) and for any map g : X -y Q, X separable metrizable, and K £ AE(X), there is an embedding i : X -► Z with si = g.
Proof. Choose M as in Theorem 3.2. We may assume M c Q. Let c(M) be the closure in Q x Q of the image of M under the map x -» (x, n(x)). Let Z be a metrizable compactification of M such that K £ AE(Z) and there is a map h : Z -► c(M) with h(x) = (x, n(x)) forx£M.
Define í as the composition of h and the projection of Q x Q onto the last coordinate. D Remark. In case of K = S" one can construct maps with much stronger properties than those in Corollary 3.4 (see [Dr4] ). Our next result shows that the hypotheses of Corollary 3.4 cannot be omitted and that the space M in Theorem 3.2 cannot be compact, in general.
3.5. Theorem. For any map s : Z -» Q of a compactum Z to the Hubert cube Q such that dimz Z < n there is a compactum X c Q such that dimz X < n and the inclusion X ^ Q does not lift to Z . Proof. Choose a CW complex K being a K(Z, n) and having finite skeleta. Let Xk c Q be compacta as in [D-W] . Thus, Xk has the following properties:
(a) dimz Xk < n for each k , (b) each Xk contains the same copy of S" , (c) the inclusion S" «-» K cannot be extended over Xk so that the image of the extension is contained in the /c-skeleton KW of K. Suppose s : Z -> Q exists, and choose an extension g : Z -* K of s~x(Sn) -> S" ^ K. There is k > 1 such that g(Z) c K^ which demonstrates that Xk^> Q cannot be lifted to Z . D Remark. In view of Theorem 3.5 and its proof one is inclined to believe that there is a stronger connection between existence of compactifications and the existence of universal spaces than that of Corollary 3.3. We conjecture that universal spaces for integral cohomological dimension do not exist based on the fact that, in general, compactifications preserving cohomological dimension do not exist (see [Dr2] , [D-W] and [Dy2] ).
